PACIFIC JOURNAL OF MATHEMATICS Vol. 78, No. 1, 1978 THE 2-CLASS GROUP OF BIQUADRATIC FIELDS, II
EZRA BROWN AND CHARLES J. PARRY
We describe methods for determining the exact power of 2 dividing the class number of certain cyclic biquadratic number fields. In a recent article, we developed a relative genus theory for cyclic biquadratic fields whose quadratic subfields have odd class number; we considered the case in which the quadratic subfield is Q(VT) with £s=5(mod8) a prime. Here we shall extend our methods to the cases in which the subfield is Q(VsF) or Q(VT) with I Ξ I(mod8) a prime. We consider all such cases for which the 2-class group of the biquadratic field is of rank at most 3.
2* Notation and preliminaries* Q: the field of rational numbers.
I: a rational prime satisfying I = 2 or I == 1 (mod 8). P> Q> Pi'-rational primes.
k: the quadratic field Q(i/T). e = (u + w/T)/2, the fundamental unit of k, with u, v > 0. m: a square-free positive rational integer, relatively prime to I. d = -ml/ I ε. K: the biquadratic field &(l/"iΓ). h, h Q : the class numbers of K and &, respectively. 2LJLV the quadratic norm residue symbol over k. π / -: the quadratic residue symbol for k. It is easy to see that if is a cyclic extension of Q of degree 4 which contains k. Recall that ε has (absolute) norm --1, that h Q is odd and that H has rank ί -1, where t is the number of prime ideals of k which ramify in K. Proof. The number ί of prime ideals of & which ramify in K is equal to 2 or 3 according as (p/l) = -1 or 1. In the first case, LTJ so that only the principal ambiguous class is in the principal genus. By Theorem 1 of [1] we have H ~ Z 2 .
If (p/l) = 1, then p = π<κ % , where π t and π 2 are prime ideals of k. The ideals τrf° and π\ Q are principal ideals, and
Thus, (- Proof. H has rank ί, so we just need to show that the only ambiguous class in the principal genus is the principal class. Now It follows that (p<, d/p*) = -1 and (εα/T, dl/Pi) = -1, by the product rule. Thus, no two of the ramified prime ideals belong to the same genus, and so the desired result follows. Proof. Here iϊ has rank 3. Using the notation of Theorem 1, we have that 
.
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The theorem follows, as before, from an analysis of the various cases.
Proof. Here, the two prime divisors of 2 in A? ramify in K. Put 2 = 2 X 2 2 in k, with VTΛ " VΓΛ '
To evaluate (-1/α), note that
(t)=(f). -(f).
and 
Hence,
(¥) -t-ij-(-««-(f), -(4
We obtain the following table of characters and the result follows by considerations similar to those previously mentioned:
(f). Comment. The proof is quite similar to the proof of Theorem 2, so we omit it. Comment. The proof involves straightforward extensions of the tables, constructed in the proof of Theorem 7, so we will omit it. 5* Numerical results* A slight modification of the methods described in [3] allow us to compute the relative class number h* = h/h 0 of K. As h 0 -1 for most small values of Z, we have h* -h for almost all values within the range of our computations. In the tables below we list all fields within the range of our calculations, where the maximum power of dividing h* exceeds the power predicted in §3. We have only computed values of h* for the fields discussed in Theorems 1, 4, 5, 6, and 7 . The column of the table headed by / gives the prime factorization of h*. Note: For tables 1 and 2, p < 500 when I = 17 or 41 and p < 110 otherwise. 
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